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Abstract 
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1 Introduction 

In the last few years there has been a great interest to real Paley- Wiener theorems 
for certain integral transforms, see [15] for an overview references and details for this 
question. 

In this paper we consider the Dunkl operators Tj, j = 1, c?, which are the differential- 
difference operators introduced by CP. Dunkl in [5]. These operators are very important 
in pure Mathematics and in Physics. They provide a useful tool in the study of special 
functions with root systems (see [6].) 

CP. Dunkl in [7] (see also [8]) has studied a Pourier transform jFp, called Dunkl trans- 
form defined for a regular function / by 

Vx e M", J^Dfix) = I K{-ix,y)f{y)LUk{y)dy, 

where K{—ix,y) represents the Dunkl kernel and uJk a weight function. 

The aim purpose of this paper is to prove real Paley- Wiener theorems on the Schwartz 
space S{1R'^) and on Ll{lR'^). More precisely we consider first the Paley- Wiener spaces 
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associated with the Dunkl operators: 



PW^iR'') = {/ e £{R'')/yn e W, Alf e L|(iR<^) e^ndRp = \\m\\Akm^ < +00} 
PWkilR'^) = {/ e £(R'^)/yn,m e IN, (1 + ||x||)"^A^/ e LKiR*^) andi?f'= < +00}, 

d 

where £{R'^) is the space of C°°-functions on R"^, = ^ T"^ the Dunkl-Laplacian oper- 

i=i 

ator, L\{R'^) the space of square integrable functions with respect to the measure u!k{x)dx 
and ||.||fc,2 the norm of the space Ll(R^). 

We estabhsh that J^d is a bijection from PW^{R'^) onto ^(l?*^) (the space of functions 
in Ll{R'^) with compact support), and from PWk{R'^) onto D{R^){the space of C°°- 
functions on iR"' with compact support). 

Next, we characterize the L^(t/)-functions by their Dunkl transform, where U is re- 
spectively a disc, a symmetric body, a nonconvex and an unbounded domain in R'^. These 
results are the real Paley- Wiener theorems for square integrable functions with respect to 
the measure ujk{x)dx. 

We generalize also a theorem of H.H.Bang [2] by characterizing the support of the 
Dunkl transform of functions in S{M'^) by an growth condition. More precisely these 
real Paley- Wiener theorems can be stated as follow: 

• The Dunkl transform J^nif) of / e S{R^) vanishes outside a polynomial domain 
Up — {x E R' P{x) < 1}, with P a non constant polynomial, if and only if 

limsup||P"(zT)/||fc,p< 1, l<p<oo, 

n— ++00 

with T — (Ti, Td) and 1 1.| is the norm of the space Ll{R'^) oip^^ integrable functions 
on R'^ with respect to the measure ujk{x)dx. 

• A function / G S{R'^) is the Dunkl transform of a function vanishing in some ball with 
radius r centered at the origin, if and only if 

lim II 1|^„ < exp(— r^), 1 < p < 00. 



m=0 



This paper is arranged as follows: 

In the second section we recall the main results about the harmonic analysis associated 
with the Dunkl operators. 

The third section is devoted to study the functions such that the support of their 
Dunkl transform are compact, and to establish the real Paley- Wiener theorems for J^d on 
the Schawrz space S{R'^). 

In the fourth section we characterize the functions in S{R^) such that their Dunkl 
transform vanishes outside a polynomial domain. 

In the fifth section wc give a necessary and sufficient condition for functions in L\[R'^) 
such that their Dunkl transform vanishes in a disc. 

We study in the sixth section the functions such that their Dunkl transform satisfies 
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the symmetric body property, and we derive a real Paley- Wiener type theorem for these 
functions. 



2 Harmonic analysis associated for the Dunkl oper- 
ators. 

In the first two subsections we collect some notations and results on Dunkl operators, 
the Dunkl kernel and the Dunkl intertwining operators (see [6], [7], [8]). 

2.1 Reflection groups, root system and multiplicity functions 



We consider IR!^ with the euchdean scalar product < ., . > and \\x\\ — {x, x). On 
(Z"', ||.|| denotes also the standard Hermitian norm while for all z — {zi, Zd), w — 



<z,w>^Y^ 



ZjWj. 



i=i 

For a e ^'^\{0}, let cTq be the reflection in the hyperplan C M"^ orthogonal to a, i.e. 

a,{x)^x-2p^a. (1) 

\\a\\ 

A finite set R C IR'^\{0} is called a root system if it! fl M.a = {a, —a} and (JaR = R for 
all a E R. For a given root system R the reflection aa,<y € R, generate a finite group 
W C 0{d), the reflection group associated with R . We denote by its cardinality. All 
reflections in W correspond to suitable pairs of roots. For a given P e lR\a e RUHa, we 
flx the positive subsystem — {a E R / {a, P) > 0}, then for each a E R, either a e R+ 
or —a G R+. 

A function k : R — >(r on a root system R is called a multiplicity function if it is invariant 
under the action of the associated reflection group W. If one regards A; as a function on 
the corresponding reflections, this means that k is constant on the conjugacy classes of 
reflections in W. For abbreviation, we introduce the index 

7 = 7^= E (2) 

aeR+ 

Moreover, cuk denotes the weight function 

M^)= n i(«,^)r'^"^ (3) 

aeR+ 

which is VT— invariant and homogeneous of degree 27. 
We introduce the Mehta-type constant 

Cfe = (/ exp{-\\x\\'^)u;k{x) dx)~^, (4) 
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Remark 

For d — 1 and W — Z2, the multiphcity function A; is a single parameter denoted 
7 > and we have 

\/ X e M, U!k{x) — \x\ 
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2.2 Dunkl operators- The Dunkl kernel and the Dunkl inter- 
twining operator 

Notations. We denote by 

- C{lR'^){resp Cc{lR'^)) the space of continuous functions on JR"^ (resp. with compact 
support). 

- CP {IR'^) {resp C'^^IR'^)) the space of functions of class C'^ on M!^ (resp. with compact 
support). 

- £{1R^) the space of C°°-functions on IR''^. 

- C^{]R'^) the space of C°°-functions on M'^ which vanish at the infinity. 

- S{1R'^) the space of C°°-functions on M'^ which are rapidly decreasing as their deriva- 
tives. 

- D{1R^) the space of C°°-functions on IR''^ which are of compact support. 
We provide these spaces with the classical topology . 

We consider also the following spaces 

- £'{IR'^) the space of distributions on with compact support. It is the topological 
dual oiS{lR^). 

- S'{1R''') the space of tempered distributions on IR'''. It is the topological dual of S{1R'''). 

The Dunkl operators Tj, j = 1 rf, on M'^ associated with the finite reflection 
group W and the multiplicity function k are given by 

Tjf{x) = ^f{x)+ E Hc^h /^^l'J^'^f^^ feC\lR% (5) 
^■^j aeR+ < a,x > 

In the case A; = 0, the Tj, j — 1, ...,d, reduce to the corresponding partial derivatives. In 
this paper, we will assume throughout that A; > and 7 > 0. 
The Dunkl Laplacian on iR'' is defined by 

Akf^j2Tff^Af + 2Y.kJM, f&C\lR''), (6) 

j=l aeR+ 

d 

where A = ^ 9| the Laplacian on ]R'^ and 
j=i 

5Jf)(x) = < V/(a^),« > _ f{x) - f{(Ja{x)) 
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with V/ the gradient of f. 

For / in Cl{IR'^) and ginC\lR'^) we have 

/ , Tjf{x)g{x)uJk{x) dx^ - f{x)Tjg{x)uJk{x) dx, j ^ 1, d. (7) 

For y e IR''^, the system 

' Tju{x,y) = yju{x,y), j = l,...,d, 

< 

u{0,y) = 1, for all y e R'^. 

admits a unique analytic solution on M"^, denoted by K{x, y) and called Dunkl kernel. 

This kernel has a unique holomorphic extension to(J"^ x(J"^. 

Example. 

If 0? = 1 and W — Z2, the Dunkl kernel is given by 

zw 

K{z,w) =j i{izw) + - — —j^i{izw), z, w eCT, (8) 

where for a > ja is the normalized Bessel function of index a defined by 

ja{z) = 2"r(a + 1)^ = T{a + 1) V r (9) 

with Jq is the Bessel function of first kind and index a. 

The Dunkl kernel possesses the following properties 
Proposition 2.1.i) For all z,w & we have. 

K{z,w) = K{w,z) ; K{z, 0) = 1 and K{\z,w) = K{z,Xw),farallXe(F. (10) 
ii) For all v e W^, x G M"^ and z G (Z"^, vje have 

\D''^K{x,z)\ < exp(||x||||i?e^||), (11) 

and for all x,y G M'^ : 

\K{ix,y)\<l, (12) 
with — and \v\ — ... + v^. 

in) For all x,y & M'^ and g &W we have 



K{-ix,y) = K{ix,y), and K{gx, gy) = K{x,y). (13) 

iu) The function K{x, z) admits for all x G M'^ and 2; G (Z"^ the following Laplace type 
integral representation 



K{x,z)= / e<^''>dfiM, (14) 

where fi^ is a probability measure on M'^, with support in the closed ball B{o,\\x\\) of 
center and radius \ \x\\.(See [11]). 



The Dunkl intertwining operator Vk is defined on C{IR'^) by 

Vx e ]R\ Vkfix) = [ f{y)df,,{y), (15) 

where iJ,x is the measure given by the relation (14). 
The operator Vk satisfies the following properties 

i) We have 

Vx e iR^ eW'^, K{x,z) = T4(e<"^>)(x). 

ii) The operator is a topological isomorphism from £{1R^) onto itself satisfying the 
transmutation relation 

Vxe< TjVk{f){x)^Vk{^f){x), j = l,...,d,fe£{R''). (16) 

ii) For each :r G i??^ there exists a unique distribution rjx in £\1R'^) with support in the 
ball S(o, ||a;||), such that for all f in £{IR'^) we have 

V^'f{x)^<r^xJ> . (17) 

(See [16]). 

2.3 The Dunkl transform 

Notations. We denote by L^M''') the space of measurable functions on M'^ such that 
ll/lk,P = {[ \f{x)\PuJk{x)dx)p<+co, i/l<p<+oo, 

||/||fe,oo = ess supxemAfi^)] < 
The Dunkl transform of a function f in D^W^) is given by 

VyeiR^ Toimy)^ [ f{x)K{-ty,x)u;k{x)dx. (18) 

We give in the following some properties of this transform. (See [7] [8]). 

i) For all f in LKM'^) we have 

||^i.(/)IU,oo<||/|lM- (19) 

ii) For all / in (S(iR'^) we have 

Vye< J^niTjfM^iyjJ^Dimy) J^h-.d. (20) 
in) For all f in L\{IR'^) such that ^d(/) is in L\{IR'^), we have the inversion formula 

2 

/(?/) = f TD{f){x)K{ix,y)u;k{x) dx, a.e. (21) 
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Theorem 2.2. The Dunkl transform Td is a topological isomorphism. 

i) From S{1R'^) onto itself. 

ii) From D{1R'^) onto (the space of entire functions onW^, rapidly decreasing 

and of exponential type.) 

The inverse transform is given by 

yyeM', Ti\f){y) = ^Tn{f){-yl f e S{M'). (22) 

4 '"""2 

Theorem 2.3. i) Plancherel formula for ■ 
For all f in S{1R^) we have 

f \f{x)\'u;,{x) dx^-^ f \:Fn{fm\'MO d^- (23) 

JlRd 4T+2 JM<i 

a) Plancherel theorem for T^. 
The renorrnalized Dunkl transform f — > '^'^'^'^'^^ CkJ^oif) can be uniquely extended to an 
isometric isomorphism on L^^IRf-). 

Proposition 2.4. Let 1 < p < 2. The Dunkl transform Tb can be expended to a 
continuous mapping from ^^{JR'^) into Ll{M'''), with q the conjugate component of p. 

Definition 2.5. i) The Dunkl transform of a distribution r in S'{M'') is defined by 

< J^d{t), (p >=< T, TD{<t>) >, (pe S{1R''). 

ii) We define the Dunkl transform of a distribution r in S'{M'^) by 

\/y e 1R\ TD{T){y) = {T,,K{-ix,y)). 

Theorem 2.6. The Dunkl transform To is a topological isomorphism, 
i) From S'iR'^) onto itself 

ii) From 8'{]R'^) onto TC((P'^)(the space of entire functions onW^, slowly increasing and 
of exponential type.) 

Let T be in S'{1R'''). We define the distribution Tjt, j = 1, 0?, by 

< TjT, ^>= - <T, Tjip >, for all ^ e 5(iR'^). 

This distribution satisfies the following properties 

Td{Tjt) = iyjJ^Dir), j^l,...,d. (24) 
J^oiAkT) = -WyW^Toir). (25) 

We consider / in L^(iR°').We define the distribution T/ in S'{1R'^) by 
{Tf, if)= f f{x)if{x)ujkix)dx, if e SiM''). 

JlR'i 

In the following Tf will be denoted by /. 
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Proposition 2.7. Let f be in L^i^IR^). Then we have 

^D(Afe/) = -||x||2^z?(/). (26) 

Proof 

For all </? e S{]Rf') we have 

{Akf,(p) = {f,Ak(p) = / f{x)Ak(p{x)uJk{x)dx. 

But 

{ToiAkf),^) - (Afc/,^Z)M) = (/,A,.^Z5(V9)) 

= / J{y)^D{-\\x\\^^{-)){y)^k{y)dy 

= (-|N|2^^(/),(/.). 

Thus 

^D(Afe/) = -||x||2^Z.(/). 

Notations. We denote by 

- L\^{]R'^) the space of functions in LKM"^) with compact support. 

- 7i^2 ((J"^) the space of entire functions / on (Z"^ of exponential type such that f^j^d 
belongs to Ll^B!^). 

Theorem 2.8. The Dunkl transform Tb is bijective from L\ JyIR'^) onto 'HL^i^'^). 
Proof 

i) We consider the function / on (E'^ given by 

yze(I!'^,f{z)=f g{x)K{-ix,z)uJk{x)dx, (27) 

JlRd 

with g e Ll,{M'). 

By derivation under the integral sign and by using the inequality (11), we deduce that 

the function / is entire on (T'^ and of exponential type. 

On the other hand the relation (27) can also be written in the form 

Vye< f{y)^J'D{g){y). 

Thus from Theorem 2.3 the function /i^d belongs to Ll{IR'^). Thus / G Hli{(I!^). 

ii) Reciprocally let -0 be in 'H^2((J"^). From Theorem 2.6 ii) there exists -S" e S'{1R'') 
with support in the ball B{o, a) of center a and radius a, such that 

VyeiR^ i,{y) = {S,,K{-zx,y)). (28) 

On the other hand as ip^jnd belongs to LKM"^), then from Theorem 2.3 there exists 
h e Ll{R'^) such that 

= :FD{h). (29) 



Thus from (28), for all 93 G D{1R'^) we have 
Thus using (22) we deduce that 

/ ^ '4^{y)^D{<p){y)uJk{y)dy = ^-(^, (30) 

On the other hand (29) implies 



'^{y)^D{^){ypk{y)dy = / J^D{h){y)J^D{^){ypk{y)dy. 

But from Theorem 2.2 we deduce that 

[ J^D{h){y)J^D{^){ypk{y)dy = ^p- f h{y)<^{y)uk{y)dy 

d 



(31) 



K 

Thus the relations (30), (31) imply 

This relation shows that the support h is compact. Then h e Ll^^{lR^) 

2.4 The Dunkl translation operator and the Dunkl convolution 
product 

Definition 2.9. Let y e M'^. The Dunkl translation operator f i— > Tyf is defined on 
5(iR^) by 

Vx e R", TD{Tyf){x) = X(-ix,y):^i5(/)(y). (32) 

Example 

Let t > 0, we have 

V..<.(e-«P)(.)^i|.-(-|.-|.).--^. ,33) 

with Mk = (2T+icfc)-i. 
Remark 

The operator Ty, y & M'^, can also be defined on £[IRf') by 

Vx e iR^ T,/(x) = {VkUVk)y[{Vk)-\f){x + y). (34) 

(See [17]). 

At the moment an explicit formula for the Dunkl translation operator is known only 



in the following two cases. 
1"^ cas : d = 1 and = Z2. 
For all / e C{1R) we have 



J-i * y X"^ -\- y"^ — Ixyt 



where 

Moreover for all / e L^(J?), 1 < p < 00, we have 

\\ryf\\k,p<m\\k,p, l<p<oo. 

(See [10][13]). 

2"*^ cas : For all / e S{1R'^) radial we have 



Vx e iR^ Tyfix) = VM^\\x\\^ + IblP + 2{x, .))]{y), 

with /o the function on [0, +oo[ given by f{x) = /o(||a;||). 
Moreover for aU / e Ll^M^), l<p< 00, we have 

||T2;/||fc,p < l<p<00. 

(See [11][13]). 

Using the Dunkl translation operator, we define the Dunkl convolution product of 
functions as follows (See [11] [17]). 

Definition 2.10. For f,g in D{M'^), we define the Dunkl convolution product by 

WxeM^, f*D 9{x) = [ r-f{-y)g{y)duk{y). (35) 

This convolution is commutative and associative and satisfies the following properties. 
(See [13]). 

^)J'DU*D9)=:FDU)^D{g). (36) 

ii) Let 1 < p, g, r < +00, such that - + - — ^ = 1. If / is in L^(iR'^) radial and g an 
element of Ll(lR^), then f *d 9 belongs to LKM'^) and we have 

\\f*D9\\r,k<\\fLk\\9l,k- (37) 

iii) Let d = 1 and W = For all / in L\{1R) and g an element of LKM), the 
function f *d 9 belongs to Ll{IR) with - + - — ;^ = 1. and we have 

\\f*D9\\r,k<^\\fl,k\\9l,k- (38) 
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3 Functions with compact spectrum 

First we recall that the spectrum of a function is the support of its Dunkl transform. 
We begin this section by the following definition. 

Definition 3.1. i) We define the support of g & L\{]R'^) and we denote it by supp g, the 
smallest closed set, outside which the function g vanishes almost everywhere, 
a) We denote by 

Rg = sup I |A| I, 

XEsuppg 

the radius of the support of g. 
Remark 

It is clear that Rg is finite if and only if g has compact support. 

Proposition 3.2. Let g e L\{1R'^) such that for all n e ]N, the function \\X\\'^'^g{X) 
belongs to Ll{]R'^). Then 

^ ^ML ■ (39) 

Proof 

We suppose that ||5'||fc,2 7^ 0, otherwise Rg = and formula (39) is trivial. 
Assume now that g has compact support with Rg > 0. Then 

{[ \\X\ng{X)\'u,{X)dxY" <{[ \g{X)\'MX)dXy" Rg. 

IJlRd ) [J\\X\\<Rg J 

Thus we deduce that 

limsupj / \\X\\^''\g(X)\'^u;k(X)dxY^ < limsupl / |c/(A)|^a;jfc(A)dA R„ = R,. 

n^oo UjRd J n^oo [J\\X\\<Rg J 

On the other hand, for any positive e we have 

/ \g{X)fuJk{X)dX>Q. 

Hence 

liminfl/ ||A||^"|^(A)Pa;fc(A)rfAV" >liminf(/ ||A||'"|^(A)| V(A)rfAV" > Rn-e. 

"-»oo UiRd J n^oo \jR^-e<\\X\\<R„ 



Thus 



^. = il-{/,J|Airi.(A)Pc.,(A)dA}^ 
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We prove now the assertion in the case where g has unbounded support. Indeed For 
any positive N, we have 

\g{X)\^ojk{X)dX>0. 



„ .l>^ 

Thus 



hminfl/ ||A||*"|^(A)Pu;fc(A)ciAV" > hminf I / ||A||^"|^(A)Pu;fc(A)dA T" > TV. 

"^oo UjRd J "^°o [■^ll-^ll>Af J 

This imphes that 

hminf |j^J|A||^"|^(A)|2o;fc(A)rfA|'" = oo. 

Notations. We denote by 

- LlniR') := {g G L|,(iR'^)/i?, = i?}, for i? > 0. 

- Dr{R'^) := e D{R'^)/Ry = R}, for i? > 0. 

Definition 3.3. We define the Paley- Wiener spaces PW^{1R'^) and PWl ji^IR^) as follows 

i) PW^{1R'^) is the space of functions f G S{M'^) satisfying 

a) Alf e Ll{R^) for all neN. 

ii) PWl^iJR'') := {/ e PWiiIR'')/Rp = R}. 

The real L^-Paley- Wiener theorem for the Dunkl transform can be formulated as 
follows 

Theorem 3.4. The Dunkl transform Td is a bijection 
i) from PWIr{]R'^) onto Llj^iM"^). 
iijfrom PW'f{R'^) onto Ll l{R'^), 



Proof 

i) Let g E PWl^iR'^). Then from Proposition 2.7 the function J^z5(A^^)(0 = 
belongs to LKR'^) for all n e IN . On the other hand from The- 
orem 2.3 wc deduce that 

™{L - i™o{/^, \A,g{x)\^u,{x)dxy' = R. 

Thus using Proposition 3.2 wc conclude that J-'nig) has compact support with Rroig) ~ ^■ 
Conversely let / G LIr{R'^). Then ||Cir/(0 e /.^(iR'^) for any n G IV, and JP'^V e 
D{R'^). On the other hand from Theorem 2.3 we have 

iiSo iAj(^„-v)wr-.(x)dx}= = to {/^ji«ii-i/«)ra„K)d«}= = fi. 

Thus.Fc'(/)e-PH'?,„(iR''). 
ii) We deduce ii) from i). 
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Corollary 3.5. The Dunkl transform Td is a bijection from PW^{1R'^) onto 7Yi2((J"^). 
Proof 

We deduce the result from Theorem 3.4 ii) and Theorem 2.8. 

Definition 3.6. i) The Paley- Wiener space PWkiM'^) is the space of functions f e £{1R'^) 

satisfying 

a) (1 + ||a;||)™A^ G Ll{R'^) for all n,m e W. 

b) Rf^ :=lim„^oo||A^/||5<oo. 

ii) We have PWk,R{IR'^) := {/ G PWk{lR'^) / Pf" = R}, for R>Q. 
Remark 

We notice that the only difference between PW^{1R'^) and PWk{lR'^)is the extra re- 
quirement of polynomial decay to help ensure that J^oif) £ S{1R'^). 

The real Paley- Wiener theorem for the Dunkl transform of functions in the preceding 
spaces is the following 

Theorem 3.7. The Dunkl transform Tb is a bijection 

i) from PWk,R{M^) onto Dr{IR'^). 

ii) from PWk{IR'^) onto D{]R'^). 

Proof 

i)Let g E PWu^^'^) C PWlj^^M^). Then J^oig) G S^B!^) since g has polynomial 
decay, and by Theorem 3.4 the function J-'oig) has compact support with Rj^jy(g) = R- 

Conversely Let / G Dr{1R^), then J^n^f) e S{1R^) and J^D^f) e PWIr{IR'^) by 
Theorem 3.4. 

ii) We deduce the result from the i) . 

4 Dunkl transform of functions, with polynomial do- 
main support 

Let P{x) be a non-constant polynomial. 

Theorem 4.1. For any function f G S{1R'^) the following relation holds 

jim ||P(irr/|li= sup \P{y)\,l<p<oc, (40) 

yesuppJ^oif) 

withT^{Ti,...,Td). 
Proof 

We consider / in S{1R'^) . Set q — if 1 < p < oo and g = 1 or oo if p = oo or 1. 
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The proof is divided in several steps. 

In the following three steps we suppose that 



0< sup \P{y)\ <oo. (41) 

yesuppj^o(f) 

First step: In this step we shall prove that 

limsup||P(zr)"/|li< sup \P{y)\, 1 < p < oo. 

n-*oo yesuppTo(f) 

• Let 2 < p < oo. Applying Proposition 2.4 we obtain 

\\p{iTrm,, < c\mrj^n{f)\\k,,: m 

(43) 

< c( sup iPivwwj'Dimk,,. 

yesuppToU) 

Thus ^ 

limsup||P(iT)V|||^,p< sup \P{y)\. (44) 

n-»oo y&suppTo{f) 

• Suppose now that 1 < p < 2. Holder's inequality gives 



''^ ^ jj^M\A?r'\{mA?rf{^)\''^k{x)dx < ||(l+||x|r)7||f,,||(l+||a;|r)-^||,, 

<C||(1 + 11x1^)711^,2, 



2 

2-1 



(45) 



for r > 27 + (i. 

Thus, from Proposition 2.7 we obtain 

\\f\\L<c\\{i-A,nj^n{m\i2. 

Consequently for all n G IV, we deduce that 

WP^mfW,,, < C'r\\{l - A,Y[P-{0J'n{m\k,2. (46) 

On the other hand from Proposition 5.1 of [9] we have, the following relation: 

For all n e W^\{0} there exist: G [0, l],p = 1,...,|/^| - 1, such that for all 

u G £{1R^) we have 

aGi?+ \0\ = \n\ P=l 

I/3'I=ImI 
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where Q^iti, ...,tp), S^iti, ...,tp), p = and P^(ti, 5*^(^1, are 

polynomials of degree at most |//|,witli respect to each variable. 
Prom this relation and by induction one can show that 

||(/ - Aky[P-{0:Fo{fm]\\k,2 < Cn'^\\P''-'''{0M0\\k,2, n > 2r, (48) 

with suppipn C supp J-'oif) and ||v5,„||fc,2 < Ci- where Ci is a constant independent of n. 
Hence, from the previous inequalities we deduce that 

||P"(^T)/||,,, < c'^n'^\\P''-''{0M0\\k,2<c'^n'^ sup \P{y)r-'^\\M0\\k,2 

yesuppJ^nif) 

< CpC^u'^^ sup |P(i/)|"-2r. (49) 

Thus J 

limsup||P(ir)V||^,p< sup \P{y)\. (50) 

• Let now p = oo. From the relation (22) We have 

||/||oo,.<-;^||^M/)|Im- 

4 '"'"2 

On the other hand, from Cauchy-Schawrz's inequality we obtain 

\\:Fnmk,i<co\\{i+m?)'^TD{fm\\k,2. 

where Cq is a positive constant. 

Combining the previous inequalities and replacing / by P{iT)"'f, we deduce that there 
exists a positive constant C such that 



ip(^T)"/iu,oo < c\\p-m + mr)-^j'Difm\\k,2. (si) 



Consequently, 



limsup||P(^T)"/||fc",oo< sup \Piy)\= sup \P{y)\. (52) 

Thus from (44), (50) and (52) we have 

limsup||P(iT)"/|ltp < sup |P(y)|, 1 <p < oo. (53) 

n—^oo y^suppToil) 

Second step: In this step we want to prove that 

jim ||P(ir)"/|lt2= sup |P(y)|. 
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For any £, < £ < supy^^^pp^^^^-^ \P{y)\, there exists a point xq G supy^^^ppjr^^j^ \P 
such that 

\P{xo)\> sup \P{y)\-^ 
As P is a continuous function, there exists a neighborhood U^^ such that 

\P{x)\> sup |P(y)| X e 

Prom Theorem 2.3 we deduce that 



4 



> 



where is the characteristic function of C/^o- 
Thus 

||P(^Tr/llfc,2 > sup |P(y)| -£ri|^D(/)lc/.J|fc,2 

This inequality imphes, 

hm^inf ||P(ir)V|lt2 > ( sup |P(y)|-£) lim ||^,,(/)lf;,J||2 = sup (|P(y)|-£). 

y&suppToU) " °° y&suppro{f) 

(54) 

But £ can be chosen arbitrarily small, thus from (53) and (54) the relation (40) follows 
for p = 2. 

Third step: In this step we shall prove that 

liminf ||P(iT)"/|lL ^ sup |P(|/)|, 1 < p < oo. 

Since / e S{1R'^), the iteration of the relation (7) implies the relation 

/ P-{-iT)f{x)P^(iT)f{x)u;k{x)dx = / Jix)P^''{iT)f{x)u;k{x)dx. (55) 
Hence, by Holder's inequality, 

Consequently 

lim WP^mf 111,2 < I IfWt:^) hminf | jP^^^^)/! 1,^ = liminf WP'^^mfWt (^7) 

Applying now the relation (40) with p = 2, we conclude that 

sup |P(y)| = lim ||P-(ir)/||^,2 < liminf I |p2"(ir)/||,^^. (58) 

yesuppToU) 
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We replace in formula (56) the function / by P{iT)f and we obtain 

\\P''^'i^T)f\\l, < ||P(^T)/|UJ|P^«+^(^T)/|U,,. (59) 

Thus 

sup |P(y)| = Jim ||P"+^(iT)/||,^ <lim^inf ||P^-+^(ir)/|||^ (60) 

Using (58) and (60) we deduce that 

sup \P{y)\ < \imM\\P^{zT)f\\lp. (61) 

Then formulas (61) and (53) give (40). Thus we have proved the theorem under the 

condition (41). 

Fourth step: Suppose now supy^g^pp-p^f^j^^ 1-^(^)1 = +oo. Then for any > there exists 
a point Xq G suppTo^f) such that |P(a;o)| > . Since P is a continuous function 
there exists a neighborhood U^q of on which |P(x)| > N. Similarly that the previous 
calculation of second step we obtain 
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liminf„^oo||P(^T)"/||,",2 > ^liminf™||P^^(e)^D(/)lt/.J|fc",2, 

> 7Vliminf„^oo 11/1^7.311^2 = 

We choose large, we obtain 

Jim||P(iT)V|li = oo. 

Finally if ^'^Vyf^suppToif) 1-^(^)1 ^ ^ identity (40) is clear for p = 2. 
Hence the proof of the theorem is finished. 

Definition 4.2. Let P he a non- constant polynomial and Up — {x & IR^, \P{^)\ ^ !}• 
The set Up is called a polynomial domain in IRf". 

Remark 

A disc is a polynomial domain. A polynomial domain may be unbounded and non- 
convex, for example U = {x & M^, \xi...X(i\ < 1}. 

We have the following result. 

Corollary 4.3. Let f G S{IR'^). The Dunkl transform J^oif) vanishes outside a polyno- 
mial domain Up, if and only if 

limsup||P(iT)"/||L < 1, 1 < P < oo. (62) 

n— +00 ' 

Remark 

i) If we take P{y) = — then P{iT) = A^, and Theorem 4.1 and Corollary 4.3 
characterize functions such that the support of their Dunkl transform is a ball. 

ii) Theorem 4.1 and Corollary 4.3 generalize also the result obtained in [3]. 
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5 Dunkl transform of functions vanishing on a Ball 

The following theorem gives the radius of the large disc on which the Dunkl transform of 
functions in Ll{]R^) vanishes every where. 

Theorem 5.1. Let f e L'l{IR'^). We consider the sequence 

Ux) = K *D f{x), xeR^ne W\{0}. (63) 



where 



Then 



where 



[Any ^2 



}'SL\l-l:^'^\\fn\\k,2^^^Dif), (64) 



n—^oo y fi 



A^,(;) = inf {lieil, e e suppj^oif)}. (65) 



Remark 

The function En is the Gauss kernel associated with Dunkl operators. From [11] p. 
2424, we have 

Vx e iR^ J^D{En){x) = e-'^ll^ll'. (66) 

Proof of Theorem 5.1 

First we remark that from (37) the function /„ is well defined. Wc assume that 
||/||fc,2 > 0, otherwise the result is trivial. To prove (64) it is sufficient to verify the 
equivalent identity 

Using (66) and (37) we deduce that the Dunkl transform of /„(a;) is exp(— n| |^| P).Fd(/)(0- 
Then by applying Theorem 2.3 we obtain 

ll/nlk,2 = ^\\eM-n\\m^D{fm\\k,2 (68) 

M.M r /• r n M.M2^l•^i^(/)(OI 



kA f exp(-2n| lei r) ^-^jl^lP^MOdCV^ ■ 



27+2""" ' ^JsuppToif) lMllfc,2 

On the other hand it is known that if m is the Lebesquc measure on M'^ and U a subset 
of IR^ such that m{U) = 1, then for all in the Lebesgue space L'^{U, dm), 1 < p < +00, 
we have 

I 1^1 \L^{U;dm) = I 101 \L'^{U;dm)- (69) 

By applying formula (69) with 

U = suppToU), <t> = exp(-llelP), p = 2n, and dm(0 = '^-^4j¥^^k{m, 



k,2 
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and using the fact that limn^+oo{ ]^ld^ )" = 1- 
We obtain 

lim ||/„||fc,2 = sup exp(-||ein =exp(-A^^(^)). (70) 

Which is the relation (67). 

A function / G L\[]R'^) is the Dunkl transform of a function vanishing in a neigh- 
borhood of the origin, if and only if, ^roU) > 0' equivalently, if and only if the limit 
(67) is less than 1. Thus we have proved the following result. 

Corollary 5.2. The condition 

Jim ||/„|||2<1, (71) 

is necessary and sufficient for a function f G L'^{IRf') to have its Dunkl transform vanish- 
ing in a neighborhood of the origin 

Remark 

From Theorem 3.3 and Corollary 5.2 it follows that the support of the Dunkl transform 
of a function in L^(iR'^) is in the tore Xroif) — W^W — ^^D{f)-i only if, 

^^-(/) ^ il^ ^~^^m\k,2 < Jim WAlfWf:, < Rr^^jy (72) 
Theorem 5.3. For any function f e S{IR'^) the following relation holds 

Jl-llE^^^^lli = exp(-A^,(,)), 1< (73) 

m=0 

In particular, a function f e (S(iR'^) is the Dunkl transform of a function in »S(iR'^) 
vanishing in the ball B{o, r) of center a and radius r, if and only if we have 

lim II V ^ ^i-^||fe„ < exp(-r2), 1< p < oo. (74) 

Proof 

A similar proof to that of Theorem 4.1, gives the result. 

6 Dunkl transform of functions, vanishing outside a 
symmetric body 

A subset K of M"^ is called a symmetric body if —x G K for all x & K. The set 
K* := {y E IR'^, {x, y) < I for all x E K} is called the polar set of K. We state now the 
following another real Paley- Wiener theorem. 
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Theorem 6.1. A function f G £{IR'^) is the Dunkl transform of a function in Ll{IR'^) 
vanishing outside a symmetric body K, if and only if, Ti^f belongs to Ll{lR'^) for all 
II — {/ii, ...,iid) e W^, and for all n & IN we have 

sup ||((a,T)r/|lM<ll/llM, (75) 

aeK* 

whereT={Ti,...,Td). 
Proof 

Let / e £{]R'^) assume / 7^ 0, otherwise the resuh is clear. We suppose that J^oif) 
which belongs in Ll{lR'^) vanishes out side a symmetric body K. Then / is infinitely 
differentiable and belongs to L\{]R'^) together with Ti^f for all = (//i, G W^. As 

the Dunkl transform of (i((a, OT^D{f){-0 is ((a, T))"/, then by applying Theorem 2.3, 
we obtain 

ii((«'^)r/iiM = :^ma,or^D{fm\\k,2. (re) 

As K satisfies the symmetric property, we deduce that | (a, I ^ 1 for all ^ G K and 
a e K*. Hence 



{a^OTJ'DifMlh = / \{{a:Or^Difm\'MOd^ 

J K 
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~\\J \\k,2- 



Thus 



sup ||((a,T))'^/||,,2<||/||M- 



Conversely, we assume that the inequality (75) is valid for all n G IN. Since T^^f G 
LKM'^) for all fi = {fii, ...,fid) e IN^. Thus from Proposition 2.7 and Theorem 2.3 and 
the inequality (75) we obtain for all n G IN: 

2T+i 

sup \\{{a,0ry'D{fm\\k,2 = -- sup ||((a,T))VIU,2 < --||/IU,2- (77) 

Let ,^0 ^ that means there exists ^ K* such that {^o,cl) > 1- Then there is a 

neighborhood U^^ of ^0 with the property a) > ^ ^ ^1°' > 1, for all ^ e U^,. Thus 
for all n e IN: 

— > sup||((a,o)"-^i.(/)(oik2>(/ \i{a,or^D{fm\'MOdo-^ 

Ck aeK* Ju^g 

(78) 



> ( r"^ )"(/ i^..(/)(oiv(Orfo^- 
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Since ( ^— ^ — )" approaches oo as n — > oo, (78) holds only if 

this implies that does not belongs to the support of J-'nif)- Hence J-oif) C K, and 
Theorem 6.1 is proved. 
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